ON A TYPE III! BERNOULLI SHIFT 



ZEMER KOSLOFF (TEL AVIV) 

Abstract. We provide a construction of a product measure under which the 
shift on {0, 1} Z is a type IIIi transformation. 



0.1. Introduction: A conservative non-singular transformation T of the probabil- 
ity space (X, B, P) for which there exists no a-finite measure which is P-equivalent 
and T-invariant is said to be of type III [KW, KriJ. 

The first constructions of type III tranformations were given in |Orni [Arn] . Both 
constructions are odometers and hence don't have the A-property. 

oo 

In [Ham], Hamachi introduced a class of product measures P = Y\ Pk under 

k— — oo 

which the full shift is a type III transformation. Thus obtaining the first examples 
of type III transformations which satisfy the A-property. 

The classification of the type III dynamical systems was refined by Krieger [Kri 
and Araki- Woods who introduced the ratio set [see below]. Thus the type III 
transformations can be further subdivided into type III a, with < A < 1. Krieger 
showed |Kril IKW| that for each < A < 1 there is a unique orbit equivalence class. 

oo 

In this work we construct a product measure P = 1 [ P^ under which the full 

k— — oo 

shift is of type IIIi . 

Acknowledgments. This work is a part of the authors master thesis done under 
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0.2. Preliminaries. Let (X,B,P) be a probability space. A measurable transfor- 
mation T : X — > X is said to be non-singular with respect to P if it preserves the 
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P— null sets, i.e for every A G B, if P (A) = then 



2 



PoT(A) := P{TA) = 0. 



A measure m on X is said to be T— invariant if for every A G B, 



PoT{A) = P(A). 



The class of non-singular transformations correspond to automorphisms of the mea- 
sure space (X, £>, P). 

If T is non-singular, then for every n, P o T™ is absolutely continuous with 
respect to P. By the Radon-Nikodym theorem there exist measurable functions 



For convenience, we will use the notation (T ra ) (x) := dF fp (x) . 

Notation : Let [/ = a ± e] stand for {x : \f(x) — a\ < e}. Similarly 
x = e ±tt will stand for e~° < x < e°. 

For every set A £ B, A will denote the compliment of A. 

Unless otherwise stated all segments [a, b] will stand for [a, 6] n Z. 

If /x is a measure on (X,B), denote by B+ the collection of sets with positive 
/z— measure. 

Definition. The Ratio set R(T, ji): Let (X, B, /i, T) be a non-singular dynamical 
system. Let a > 0. We shall say that a 6 R(T, fx) if 

VA e B£,Ve > o,3n e N, inr"in [(T n )' = o±e] eB^. 

The set R(T, fi) n K+ is always a closed multiplicative subgroup of the positive 
real numbers. It follows from Maharam's theorem |Mah| that if T is conservative 
then 1 G R(T,n). 

One can show that a system is of type III if and only if G R(T, jj). 



dPoT 
dP 



G L\{X, P) + such that for every A G B , 
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Hence for a type III conservative system R(T, fi) is either {0, 1} , 
{A™ : n € Z} U {0} , for some < A < 1 , or [0, oo) . These systems are denoted by 
III , IIIa and IIL respectively. 

0.3. The shift on the product space: Let X = {0, 1} Z and T be the left shift 
action on X. that is 

(Tw) i = w i+x . 

Denote the cylinder sets by 

[b] k — {w e X : V« = k, I, Wi = b. t } . 

f 

Let J-{k, I) denote the smallest a— algebra which contains the cylinders < [b] k : b 6 TT{0) ■*■} 

{ 3=1 

For convenience write J-(n) for J-(—n,n). 

oo 

A measure P = Pk £ "P(X) is called a product measure if for every k < I, 

k— — oo 

and for every cylinder [6]^, 

^([^)=n p i(fe})- 

j=k 

The following claim is a direct consequence of Kakutani's Theorem on equiva- 
lence of product measures |Kak| . 

oo 

Claim. Let P = JJ Pk be a product measure for which there exists < p < 1 

/c— — oo 

such that for every k £ Z, p < ({1}) < 1 — p. Then the shift is non-singular if 
and only if 

oo 

£ (iM{0})-i\-i({0})) 3 <oo. 

— oo 

In addition for every w G X, 



(n'H= n 



Pfc_ ra (w fc ) 

-Pfe (w fe ) 

fc— — oo 
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1. A Type IIIi shift 



In this section we construct the product measure. 



oo 



The product measure will be P = \ /'., . where 



k— — oo 



(1.1) 




The definition of Pfe— for negative k's is more complicated as it involves an 
inductive procedure. 

1.1. The inductive definition of Pk for k < 0: We will need to define inductively 
5 sequences {A t }^ 1 , {n t }^ =1 , {m t }^ =1 , {M t }^ =0 and {N t }™ =l . The sequence {A t } 
is of real numbers which decreases to 1. The other four, {n t }^ 1 , {m t }^l 1 , {M t }^l 
and {N t }^Z 1 are increasing sequences of integers. 

First choose a positive summable sequence {e*}^ and set M = 1. 

Base of the induction : Set Ai = e , n\ = 2 , mi = 4 . Set also N\ = M + ni = 3 
and Mi = N 1 +m 1 =7. 

Given {X u , n u , N Ul m u , M u } t u=1 , we will choose the next level {A t , n t , N t ,m t , M t } 
in the following order. First we choose At depending on M t _i and e t . Given X t we 
will choose n t and then N t will be defined by 

N t := M t _i +n t . 

Then given N t we will choose m t and finally set 

M t := N t +m t . 




denotes the integral part of 



x. Then set At — e^ kt . With this choice of At we have. 



(1.2) 



M t _x 



< e 



This choice of A t has the property that for every u < t, X u = A: 



2 k t — k 
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Define 

A-i : = 1 1| K u : x u G [~n u , n u ] | . 
The set A t _\ has the following properties: 

(1) a G A t -\ if and only if \ G A t _i. 

(2) By choosing xt = 0, one can see that for every t G N, A t _i C A t . 

(3) Since for every u < t, X t = A^f* hu , then ^4 t _i is a subset of 
Af = {X l t : Z G Z} . In addition A t _i is a finite set. 

Choice of n£ . Given {A„, n u , m u ] t v ^} 1 and A t , the set A t -\ is a finite subset of Xf. 
Choose n t large enough so it satisfies the following property: 

Property *: n t is large enough so that for every a, b G A t _i, there exists 
p = p(o, 6) G ^) for which A? = 6 • a. 

This is possible since a, 6 G A t _i C Af . 

Notice that this property is equivalent to 

A" t/4 > max {a 2 : a G A t -i} . 
Choice of rat . Now that n t is chosen we set N t — M t -i + n t . Set 
(1.3) N t (2 + 2 3Nt ) =m t . 

OG 

1.2. Definition of the product measure. Let P = j [ , where for & > 0, 



A;— — oo 



ft({o» = ft({i}) = ^. 



And for k < , 

(1.4) P fc ({0}) = l-P fe ({l})=< 

Define a function t(-) : N -> N by t(n) = min {( e N : n< N t } . 



if -N t <k< M t _! 
1 for all -M t <k< -N t 



1.2.1. Statement of the main theorem: 
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Theorem 1. The shift T : (X, £>(X), P) Q is non-singular and of type 



G 



Remark. By Kakutani's theorem using the fact that for every 

k G 'Z, YTe < ^ k ^ TTe ' ^ ne non - sm g u l ar ity of the shift under P is equivalent 

to 

OO 

J2 (P fc ({0})-F fc -i({0})) 2 <^. 

k = — OO 

Furthermore it follows from the structure of P that 



Pc ({0}) - P k -i ({0}) = { 



i 



if A; = -M t _i + 1 



if fc = -JVf + 1 



1+A t 2 

otherwise 



Therefore, 



£ (P,({0})-P fe _ 1 ({0})) 2 = 2£ 



A t -1 
- V2(l + A t ) 



This sum converges or diverges together with Y^t^i (l°g^t) 2 which by (|1.2[) is less 
then ^2 - < oo. Therefore the shift is non-singular with respect to P and we 
can calculate the Radon-Nikodym derivatives of T. 



1.3. Radon-Nikodym derivatives of the shift: 



Lemma 2. If P is a product measure which is built by the inductive construction 
then 



lim 



(T«)» 



n-l 

n 



P k - n {W k ) 

Pk (w k ) 



K k=-N Hn) +l 

Proof. By Kakutani's theorem, for every w G 

'-N t , 



1 uniformly in w G 



cn»= n 



A;— — oo 



Pfc-Tl (Wfc) 

Pc (w fe ) 



v t („) 



n >< n ><n 

v fc— — oo fc= — Nt(ri) +1 /c— n y 



Pfc_ n (w fc ) 
Pc (Wk) 
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For every k > n and for every Wk € {0, 1}, Pk-n {wk) = Pk {wk) = \- Therefore 

Pk-n (w k ) 



Also 
(1.5) 

n t<n) P k - n (W k ) _ TT | yf 1 Pk-n (w k ) JJ Pk-n (w fc ) 

Pk(wk) 11 I 11 Pk(wk) *-L P k (wk) 

k=-oo k V k > u=i(n)+l \fe=-AT„+l * V k > k=-M u + l k V k) 

For every u > t(n), the length of the segment (—N u , — M u _i] is n« and the length 
of the segment (— M u , —N u ] is m u . Both n M and m u are greater than iV t ( ra ) , hence 
greater than n. 

Therefore since for every k <G (-N u + n, -M u _i], i\_„ = Pk = f iqrj^> 
then 

n Pfe-n (ttfc) _ -pr" Pfc-n Qjgfc) 
Pfc(w fe ) ~~ J- J- Pfcfefc) 

Since n < m u then for every k G (—N u , N u+n ], 

—M u = -N u —m u <k — n< -N u . 
So Pfc_ n = (|, |) and P& = f , j^-^ ■ In conclusion, for every u > t(n), 

/j ^ TT 1 ffc-n (Wfc) = _ ^+" P fc _„ ( Wk ) 



Pfe ( wfc ) k=r£+l Pk{wk) 



X-T 1 _ \, 



Similarly for every u > t(n), 



^T/il + Xu) (2(1 + A u )) r 



-N,j 



(1.7) n P p 7 = A ?" tUAt:+1 ™ fc ( 2 ( J + A -)) ? 

Putting together p3| . (fTT^|) and (fT77|) we have 



. n p k (w k ) 

k— — oo 
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OO _— M u _ x +n __jv u + „ OO 

u=t(n)+l u=i(n)+l 

Since for every it > i(n). n < M u _\ , it follows that 

So ^^f 1 = e ± e * -»• 1 as n oo, since £ e t < oo. 

The conclusion follows. □ 



Definition. For every u G N , write 
-Mu-i 

TuM = w fc = # {fc G (-JV M) -M„_!] : w k = 1} 

k=-iV u +l 

Set also 

/ t H=n A « u 



/t(-) is J-(—N t ,0) measurable. 

The next lemma uses the previous lemma to show that if n belongs to an interval 
of the form [N t -i, M t -i) then we can obtain a reasonable approximation of (T n ) 
. This approximation becomes more accurate as t — > oo. Notice that for n £ 
[JV t _i,M t _i), t = t(n). 

Lemma 3. For every Nt—i < n < M t -\ and for every i»eX, 

rrrnV f ^ v ( \ Mn)-i °T n (w) 
(T n ) (w) = K n {w) ■ — y -j — — , 

Where ]xni n ^j.oo K n (w) — 1 uniformly in w S X. 

Proof. By lemma [2] it is enough to show that for 2Vj_i < n < m f _i, 

n-l p / n t(n)-l 

n %ri5 1 =^- n a^-"w-^w. 

Where lim n ^oo h n {w) — 1 uniformly iiimEX. 
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First notice that because of the product structure 

n-l 

n p k (w k )=p([w} n _- N \ 



And 



t(n) 



p ([wt- N \ n) ) = p (Mr 1 ) • n (p (n:m: +1 ) • p (m 

u=l 

By CCD , P (MS -1 ) = 4s- By d , 



-JV„+1 



An 



1 / 1 



1 + A* 



Multiplying all the terms 



t(n) 



(1.8) 

Similarly 



n Pk {w k ) = 2- n+ ^«=i m " n ( i 



+ A„ 



< XT U («.) < 



JJ Pfe_„ (lUfc) = ]Q Pfc (Wk+n) 

k=-N t ( n ) -n+1 



fe=-iW, + l 



-JV t(n) ((„) 

n p * ■ n 

fe= — JVt( n )— U=l 



-JV„ -M„_i 

X }"| Pfe (t«fc+n) 



n 



fe=-M„ + l ft=-jV„+l 



By the definition of P& for negative fc, 



n fc =-^ ( „ ) -™ p fe k+«) = 



ll/c=-jV, 



1 _ J_ 

t(„)-n 2 2" 



llfc=-JV„ + l i+A„ ~~ 



therefore 



tin) 



fe=-W t + l 



(1+A„)- 



1 \ ™" ^- M u-l 



+ A M 
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*(") / -, \ n„ 

(1.9) = 2-»+£-N" . H (y^J a^° t "K 

u— 1 ^ u ' 

Combining the estimates (|1.8[) and (| 1 .9[) , we get , 

n P fc - w (Wfc) *-pr A T u oT™(t«)-T u («;) = t{n) oT n (w)-T t(n) (w) ft(n) ° T n (w) 
Pk(w k ) A1 A - A t(n) ■ J -IS 

The conclusion will follow once we show that for every 

N t -i <n< M t _i , h n {w) := x J«n>°T n (w)-X Hn) ( w ) ^ 1 uniformly in w e X as 

n — > oo. 

Notice that, 

-M, (B) _i 

T t ( n )(T"w) - T t(n) (w) = ^2 (Wk+n - Wk) = 

u=-N t(n) -l 

-M t( „)_i+1 -JV t( „)+n 

w k - 22 w k = ±n = ±M t ( n )_ x . 

fe=-M t(n) _ 1 +n ft=-jV t(n) -l 



Therefore 



The conclusion follows. □ 
The following two remarks will be useful in the proof of type IIIi . 

Remark. Since Image (T u o T n — T u ) = [—n u , n u ], the set A t is the set of all values 
of 

ft o T n (w) _ -j-j- x„oT"((«)-T„(t») 

Since for every to < t, X to £ A t -i and also ^ £ A t we can formulate 

(property *) in the following way. 

Remark 4. It follows from property (*) that n t is large enough so that for every 
w € X, t < t and k £N there exists p = p(w) £ (— ^y-, x) so tnat 



/t-iH 
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1.4. The proof of type IIIi. Since At I 1 , and 1Z(T) is always a closed multi- 
plicative subgroup of R + , the following lemma will yield that (X, B, P, T) is of type 
II II 

Lemma 5. For every t £ N, At belongs to the ratio set ofT. 

The proof of lemma [5] will be a series of lemmas. We will show that At satisfies an 
EVC property as in |ALV) , where the generating partitions of X, will be cylinders 
{[&]"„ : b E {—1, 1}™} and the neighborhoods of A t will be U e = [A f — e, A t + e]. 

Lemma 6. For every t £ N the following holds: 

For every cylinder set B = [&]"„ and for every e > 0, there exists a r = 
t(B, t , e) s N, for which 

(1.10) P (uJ^^BCiT-^Bn (T lN -r) =A±e }) > 0.9 • P(B). 



Throughout the proofs and the lemmas the letter n will denote the radius of the 
cylinder. 

Since the proof is delicate and involves many details we give a sketch of the idea 
of the proof. 

Sketch of the proof of Lemma [6) Let B = [&]"„ , t £ N and e > 0. 

We will first choose r large enough so that for every I = 2, . . . , jj?-, 

{f t oT lN ^(w) = f T (w)-X t0 } c [(T^)' = A±e . 

Since P is a product measure and f T is J-(—N T ,0) measurable, if we restrict our 
attention to cylinders of the form C — [c]^_ N then 

Cn{f t oT m -(w) = f r (w)-X t0 } = Cn{f t oT m -(w) = f r (c)-X t0 }. 



So we will decompose B to < B n [c]°_ N : c G TQ {0, 1} > and prove that for 
the cylinders C = [c]° jy which cover most of X, 

1 



P({f t oT lN ^w) = fAc)-X t0 }) 



> 



2 N T ■ 



Then we make use of the independence of BnC, {T'^B}^ and { [f T o T iAr - = / r (c)] } ; A 
to get 

^ (u£ {(BnC)n rp—iN T -q n ( T iJV T )' = a ± e }) > (1 - e)P(B n C). 
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Afterwards we will finish the proof by summing over C . 
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Fact 7. Since for every u G N, 1 < A M < e, we have that for every neN, 



1 X u e 



2 1 + \ u 1 + e 



and since T u (w) <~ Bin (n u , 1 ^ ^, £/ie strong law of large numbers implies that 



lim P I iw : T u (w) G 



T'~4~ 



t. 



Wnie C t for the collection of cylinders of the form C — [c]_] v smc/i £/iat 

-M t _! r -, 

T t (c)= ]T CG 

It follows that 



k=-N t +l 



nt 3nt 
4 ' 4 



(1.11) 



lim P(Ucec t C) = l. 



t— >oo 



Furthermore since f t is T {— N t ,0) measurable then for all cylinders C — [c]°_ N G 
Ct, 

ft\ c = ft(c). 

Lemma 8. Let to G N. For every t such that t > to + 1 the following holds: 
For every cylinder C = [c]°_ Nt G C t and for every 1 = 2,..., 



?({ W :/ t oT^W=A t0 / t (c)})>l 



Proof. Let C G C t and 2 < I < ^. 



We will build a cylinder set D = D(l,C,to) = [<Qa-i)N t +i sucn tnat 



Notice that 
(1.12) 



Dc{w:f t oT lN *(w) = f t (c)-\ to }. 



f t oT lN *(w) _ . TtoT >" Hw )-r t (c) /t-i° T lN *(w) 
- A t-i 



AW 



ft-i(c) 
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Set 

4=0 for every k € ((I — 1) N t + M t -i + l,lN t ] . 
It is easy to see that for every u < t - 1, T u o T lNt is T ((I - 1) N t + M t _ u lN t ] 
measurable and therefore for every w £ D,u < t — 1, 

!M t -M„_i 

r u oT lN '( w )= d * = °- 

fc=ijV t -JV u + l 

So for every w € D, 

/ i _ 1 oT^M=n 1 A^ wtM =i 

u=l 

and 

/ t o T Wf (w) = ,T t oT lNt (w)—T t (c) 1 

/ t (c) '/t-lW 
Since rtt satisfies property (*) [ see Remark H], there exists ape (~~T 1 '~~T^~) 
such that 



(1.13) = A 4o • 



Jt-i(c). 

Also since C e C t , T t (c) € ^f) and so 

pe(~,^)c Image (T t o T W *H - T t (c) : w G X) . 

Since T t o T lNt {w) is J"((7 - 1) N t -i + 1,(1- 1) A t + Af t _i - 1) measurable this 
means that there exists 

iiV t -M t _ 2 

*={%}Lt-w ie n ^ 

k=lN t -N t -i 

such that 

p=T t oT ,Ar '(w)-T M (c). 

By setting dfe = Wk for every W t — Nt-i < k < lN t — M t ~2 we have finished the 
construction of D. 

Observe that for every w 6 D, 



f T oT lN t(w) _ f t oT lN t{d) _ . Tt oT-*W-T t (c) 
- — A t 



1 



— K ' "7 TT ~~ ^to ■ 



ft(c) ft(c) * /t-i(c) 

1 

ft~(c) 

Therefore 

Dc{w:f t oT lN *(w) = f t (c)-\ to } 

(l+l)N T 

Since P(D) = j~J Pk(dk) = ^hj the lemma follows. 



k=lN^ 
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□ 



Notation: Given a cylinder C = [c] ( L Nt _ 1 , to E N and I = 2, . . . , ffi , we will 
abuse notation and write D(C,to,l) for {u; : f t o T lNt (w) — /t(c) • A to } . 

Lemma 9. Let B = [&]"„, and to G N. Then for every t e N such that 2n < N t 
and to < t the following holds: 

For every C G Ct 
(1.14) 



r[ (L-iDn (, y '-v, 7J n Z) (('./„./))) (1--^) /U'nn. 



Proof. Notice that /t is J 7 (— Nt-i, 0) measurable and therefore for every Z < j^, ft° 
T lNt is J 7 ((Z — 1) Nt, lN t ) measurable. By the product structure of P , the random 
variables {ft ° T lNt ] ^ are independent. Therefore the sets {D (C, to, Z)}j=a are 
independent and each one is measurable J-(N t , oo). 

Since B G J"(-n,n), then for every Z > 2, T- lNt B G J 7 (-n - lN t ,n - lN t ). 
Since 2n < iVj the sets {T~* *-B}^' 2 are independent and independent of T (—Nt, oo) 
So the sets {D (C, t ,l)}^ 2 ,(B DC) and {T~ lNt B}^ 2 are independent. 
Therefore for every Z = 2, ^ 

P (T- lNt B n D (C, t , 0) = p (T~ lNt B) P (D (C, t Q ,l)) . 

Plugging in Lemma [8] we have 

p (r Nt B n d (c, to, i)) > y 2Nt > 

Furthermore, since for every 2 < Z < ^ — 1, 

[-n - IN U n - lN t ] G {-M t , -N t ] , 
the product structure of P (see (jl.4p ) implies 

(1.15) P (T-^B) = ± > ±., for every Z = 2, ^ - 1. 

Therefore 



(1.16) P ([T-^B n D (C, Z)]) < (l - ^ 
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Since the sets {T~ lN *B n D (C, t , l)}^ 2 >( Br]C ) are independent ( and (fTTB]) ) 



P ( b n c n ( u ™* 2 [t- w *b n z? (C, to, I)} 



= p (b n c) p f n£f 2 [r- w *B n d (c, t 0l /)] 

= p(snc). JJ p([T- m *BnD(C,t ,i)}) . 
1=1 

m t „ „3JV f 
1 \ ~* / 1 X 



^l 1 -^) P(BnC)= 11-^] P(snc). 



□ 



Proof. (Lemma\^: Let £? = [&]"„ be fixed, e > and to £ N. We want to choose a 
reN such that (fLTH holds. 

The choice of t: Choose a r £ N which satisfies the following properties: 

(1-17) r>i , 

(By this condition At 6 A T ) 

2n < N T , 

(1.18) P(U CeCT C) > l-0.05-P(B), 

(so "nice" cylinders exhaust enough of B) and 



1 x2 



3JV T 



(1.19) ^-^J <0M - 

By Lemma[3]we can, by enlarging r if needed , demand in addition to (|1.17l) . (|1.18[) 
and (|1.19l) that r satisfies the following : For every 
N T <k < M T , 

This means (derivative approximation), 



frH 



/ r oT w *(.) 



d.20) Vl^^^T^O^lil)^ . 

We will now prove that this r satisfies f| 1 . 10[) with B, e and to- 
First we will show that for every C = [c]°_ Nt £ C T , 

P(^Si {(BDC)nT- lN ^Bn {T lN ^)' = \±e V) > 0.99 • P(B H C) 
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Since t satisfies (|1.20|) and Xt < 3 then for every 1 = 2,...,^, 

{w:f T oT m ^w)=f T (w)-X t0 } C [(T lN ') =A± 
Since f T is J-(—N T ,0) measurable, 

Cn{w:f T o T INt (w) = f T (w)-X to }=Cn{w:f T o T lN ^w) = f T (c) ■ X to } 

= c*np(c, t , i) . 

Therefore {(BnC)n T~ INt B n D (C, i , 0} is a subset of 



U 



£{(Bnc) 

So by Lemma HI 



(T lN r) =A±e]} 



p (s n C) n (u^r-^-B n (t in -)' = x±e 



< p 



< i 



(5nc)n(u£ 



T- m -BDD 



(C,to,0) 



2 27V T 



p(Bnc) < o.oi • p(p n C). 



The lemma follows by ( the last inequality uses 11.1 8() 



P I B n ( 



|(T Wt )' (•) = A t0 ± e}])) < P ([U CeCr C]) + 



cec T 



£ P Bncn(ug 



T~ lN -Bn 



(T in t ) (-) = A t0 ±e 



< 0.1 • P(P). 



□ 



Then next lemma is a standard lemma in measure theory. The proof is included 
here for the sake of completeness, 



Lemma 10. For all e > Q and for every A 6 B+ there exists a cylinder of the form 
B = [b _„, 6„] for which 

p(AnB) 1 

~p(bT~ > ~ 

Proof. Define a partition £„ = {Cylinders of the form [6_ n , ■•• ) &n]n} ■ Denote 
by F n — er (S„) the sigma algebra generated by £„. Then P„ t £> therefore for 
every A € £>_|_ we have 

P (1,4 |P„ ) — > 1a a.e as n — > oo. 
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This means that if P(A) > then there exists an n £ N and an atom of £„ which 
we will denote by B n for which 



But 



E(l A \B n ) = P(A\B n ) 
By setting B = B n the lemma is proved. 



E(l A \B n ) > l-e. 

P(AnB n ) 



P(B n ) 



□ 



Proof. (Lemma\3§, 

Let to £ N such that Xt < 1.4, we will show that Xt belongs to the ratio set of 
the shift. 

Let < e < 0.1 and A £ B+ . By lemma [TO] there exists a cylinder B = [&]"„ for 
which 

P(AnB) >0.9-P(P) . 
By Lemma [6] there exists r £ N for which, 

P(u|§ [Bnr ,JV '5n{(T ,JV ')' (•) = A to ±e}]) > 0.9P(P). 



Set V = U 



1=1 



BCiT- lN -B 



n{(T^)'(-) = A t0 ±e}" 



and define a map 



<t> ; V ->• N by, 



(w) = min |fc S {W T }S : T& M e B and ( Tfc )' H = A «o ± e} 



Define an automorphism S* : P — ;> P by 



5(w) =T^ ) (u>). 



Write 3 for the image S(V n A). We have D,3cB , and 



F(inD) > 0.8P(P). 



Moreover 0.9 < (S) (w) = A to ± e < 1.5, and therefore 



P (3n (B\A)) < 0.15P (B \ A)) < 0.15P(P). 
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Also 

P (3) > 0.9P{V C\A)> 0.72P(B). 

Therefore 

P (3 n A) = P (3) - P (3 n (B\A)) > 0.57P(B). 
This together with (S)' (w) < 1.5 means that 

^7 

P (S- 1 (3 n A)) > —^P(B) > 0.35P(B). 

So 

^P(in{u): <j>(w) = IN T } n T- W M n [w : (T lN -)' (w) = X to ± e}) 

> p ((A n 2?) n s- 1 (A n a)) > 0.15 • p(b). 

Whence there is an 2 < I < so that 

p (a n r- ,JV M n {™ : (t- in -)' ( w ) = x to ± e}) > o. 

Hence A to belongs to the ratio set of T . □ 
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